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ABSTRACT 

We show that the quantum Heisenberg group Hq{l) can be obtained by means of 
contraction from quantum SUq{2) group. Its dual Hopf algebra is the quantum Heisenberg 
algebra Uq{h{l)). We derive left and right regular representations for Uq{h{l)) as acting on 
its dual Hq{l). Imposing conditions on the right representation the left representation is 
reduced to an irreducible holomorphic representation with an associated quantum coherent 
state. By duality, left and right regular representations for quantum Heisenberg group with 
the quantum Heisenberg algebra as representation module are also constructed. As before 
reduction of left representations leads to finite dimensional irreducible ones for which the 
intertwinning operator is also investigated. 
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1. Following the advent of the so called q-deformed oscillator |l|], 0, [Q, some 
alternatives were put forward for deformation of the oscillator group or Heisenberg algebra 
0,0. The basic idea of that scheme was a generalized version of the standard Wigner- 
Inonii contraction technique of Lie algebras, which starting from the quantum Uq{su{2)) 
algebra could lead to one- dimensional Heisenberg algebra Uq{h{l)). The corresponding 
contraction of the universal i?-matrix and its resulting fundamental matrix representation 
was further employed to introduce the Heisenberg quantum matrix pseudogroup Hq{l) 
which also was possessing a non trivial *-Hopf algebra structure. 

One the other hand, recent developments in the representation theory of quantum 
groups have provided explicit construction for the left and right regular representations of 
some classes of quantum algebras e.g. suq{l, 1) 0, quantum Lorentz algebra 0, slq{2) and 
eq{2) 0, slq{3) |Ty] and slq{n) |]TT[]. Interesting contributions by these works include, the 
extension to the case of quantum algebras of the notion of differential operators intertwining 
representations |jT^ and some reduction schemes of the module of representation of the 
corresponding algebras to holomorphic functions which could turn out to be useful in the 
elucidation of the relation between representation theory and geometry of quantum groups. 

In the present work we shall be concerned with the quantum Heisenberg group and its 
algebra. This is an example of fundamental importance both for potential applications of 
quantum group theory and from its pedagogical character. Here a new quantization proce- 
dure of the Heisenberg group Hq{l), will be introduced by means of a contraction scheme 
operating on the quantum group SUq{2), and its *-Hopf algebra. Then the quantum 
Heisenberg algebra Uq{h{l)) is the dual Hopf algebra of Hq{l) . Then we shall construct 
the left and right regular representations of the Uq{h{l)) algebra generators acting on 
the algebra of functions Hq{l), taken as the representation module. Next a reduction to 
an irreducible representation submodule will be made, which will provide a holomorphic 
representation for the Uq{h{l)) generators, to be regarded as quantum analogue of the 
Bargmann representation. The eigenfunction of the left annihilation operator will also be 
obtained as a quantum analogue of the canonical coherent states. Moreover, on duality 
grounds, the left and right regular representations of the quantum Heisenberg group acting 
on its dual quantum Heisenberg algebra can also be determined by employing techniques 
analogous to those applied in the case of the algebra representations. In this case also 
reduction of the regular group representations to finite dimensional ones and their inter- 
twinner operators will be found. Conclusions and some of the perspectives can be found 
at the end of the paper. 
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2. The quantum Heisenberg group Hq{l) can be obtained by means of contraction 
method from the quantum SUq{2) group. The latter |T^, [jl^, [|15[, is defined by the 
relations (T = (^^ 

RT1T2 = T2T1R (1) 



where 



R 



/q 0\ 

1 

q-q-^ 1 

VO Q qj 



is the R-matrix, while the co-multiplication A : SUq{2) SUq{2)'^ is defined by 

ATi„ = ^Tik® Tkn (3) 
k 

and the co-unit 



and antipode 



(4) 



(5) 



together with the ^-conjugation operation T*j = STji , q* = q, determine the *-Hopf 
algebra structiire of SUq{2) group, for which in addition the reality conditions, 



It* 



d = a* c = —q b 



(6) 



and the determinant condition. 



Detq = ad — qbc = aa* + bb* = 1, 



(7) 



are valid. 

Let us assume that element d is invertible JTO]. Then a can be expressed in terms of 
b,c,d. The substitutions d = e^^, b = —l^^'^a, c = l^^'^S and q = e^'' leads in the limit 
/ — i> 0, to the following commutation relations for elements a, P and S 



[ct, d] = 0, [5, /3] = ud, [ct, /3] = ua 
and co-multiplication A : Hq{l) — > Hq{l)® , 



(8) 



A(/3) = (3®l + l®(3-5®a 



(9) 
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A{5) =5(g)l + l(g)5 A(a) = a (g) 1 + 1 (g) a (10) 

with antipode, 

S{S) = -5, S{a) = -a, S{P) = -f3 - aS (11) 

and co-unit, 

e{a) = e{P) = e{S) = 0. (12) 

These are precisely the relations obtained in up to a redefinition of the algebra genera- 
tors, viz. uj ^ u/2, a ^ —5, d ^ a. Moreover the ^-conjugation can also be obtained by 
means of this contraction and it reads, 

S* = a, (3* = -(3- a6. (13) 

which enjoys the property 

(*(8)*)oA = Ao>K (14) 

Altogether we obtain the *-Hopf algebra Hq{l) which is dual to the corresponding quantum 
Heisenberg algebra Uq{h{l)) The latter is defined by the commutators, 

[if,A]=0, [i/,A+]=0, [A,A+] = ^^^^^^, (15) 

UJ 

co-multiplication A : ifg(l) ^ ifg(l)®', 

A{H) = H (g)l + l® H 

A{A) = A® e'^^/^ + e-^^/^ ® A, A{A+) = A+ (g) e^^/^ + e'^^^^ ® A+ (16) 
and antipode and co-unit given by 

S{X) = -X, ande{X) = 0, X e {A,A+,H}. (17) 

It possesses a R-matrix obtained by contraction of the Uq{su{2)) 0. 

3. Left and right actions of the quantum enveloping algebra A = Uq{h{l)) on its dual 
quantum group A* = Hq{l) are defined respectively by L : ^ x ^* ^ A* , (a, ^) ^ L{a)(f), 

{L{a)(j)){b) =< 6, L{a)(j) >=< S{a)b, >= (t>{S{a)b) (18) 
and R: Ax A* A*, (a, (p) R{a)(j), 

{R{a)(p){b) =< 6, R{a)(f) >=< ba, 4> >= (p{ba) (19) 
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where a,b E A and (^^i/j E A*. Using the properties of the duahty pair (we use the notation 

< b, L{a)(j) >=< S{a)b, </> >= ^ < S{a),(j)^i) >< 6, (^(2) > (20) 

and 

< 6, R{a)(/) >=< ba, ^ >= ^ < 6, >< a, ^(2) >, (21) 
the twisted derivation rule for the left action 

L(a)(^^A = ^(a(2))</'i^(a(i))^, (22) 

(a) 

the derivation rule for the right action 

R{a)H = Yl ^(a(i))</'^(a(2))^, (23) 

(a) 

and by virtue of the pairing, 

<A^A+'H"',(3>=5k,oSi,oS^,u 
<A^A+'H^,5>= 5k,o5i,i5^,o, 

< A^A+'H^, a >= 5k,i5,,oSm,o. (24) 



and of the properties [117 



< XY, (f) >=< X ® y, A((/)) >, 

< X,(f)ij; >=< A{X),(P(g)iP >, (25) 

X,Y E A and E A*, valid for dual pairs of Hopf algebras, we arrive at following left 
and right regular action of the algebra: 

L(A)/3V5^ = -m{p - ^)"a"^-^5^ 

L{H)(3''a'^5^ = -n(3''-^a'^5^ (26) 
5 



and 



R{A+)P''a'^S^ = l{(3 - -Ya^5^ 



R{H)(3''a'^5^ = np^'-^a'^SK (27) 

These expressions could also have been obtained from sUq{2) by a contaction as in the case 
of eq{2) [Qj.In the above formulae 

n — l „ 

Pinm = - + T^''"'"'- ^^^^ 

i=o 

Due to the property 

^^=nP,„-,(ffl. (29) 

valid for n > 2 for P(„) taken as a function of /3, it turns out to be convenient to work in 
the following basis of Hq{l): x(r, m, /) = e^^a^d^ where r G Z, m, / G N. We observe that 



5]^P(^)(/3)=ae^^ (30) 
n. 

n=l 

where 

a-^(e^-e--). (31) 

In this new basis the left and right regular actions are taken respectively the following 
forms, 

L{A)x{r, m, /) = —'me~~x{r, m — 1, 1), 
L{A'^)x{r, m, I) = —le~~ x{r, m, I — 1) + Crx{r, m + 1, 1), 

L{H)x{r, m, I) = —rx{r, m, /) (32) 

and 

R{A'^)x{r, m, /) = le~~ x{r, m, / — 1), 

R{A)x{r, m, /) = ■me~~ x{r, m — 1,1) — Crx{r, m, / + 1), 

R{H)x{r,mJ) = rx{r,m,l). (33) 

One can easily verify that L and R are in fact representations of the Uq{h{l)) and that 
[R{X),L{Y)] = for X, y G {A, A+, H}. 
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We turn now to the reduction of the above representations. First we observe that L{A) 
and R{A'^) act hke "annihilation" operators and their action is bounded from below. The 
"vacuum" condition R{A'^) = implies I = and analogously L{A) = implies m = 0. As 
we want to obtain an irreducible left representation (right representation reduction goes 
along same lines), we choose to impose on the representation space the condition Z = as 
well as the condition that the action of R{H) is just a multiplication by a chosen integer, 
say s. This condition fixes r to be r = s. Under this conditions the form of the left regular 
representation becomes 

L(A)x{s, m, 0) = —'me~~ x{s, m — 1, 0), 

L{A+)x{s, m, 0) = Csx{s, m + 1, 0), 

L{H)x{s, m, 0) = -sx{s, m, 0). (34) 

We see that the label s (the term e^^) remains unchanged under the left action of our 
algebra. It is therefore natural to pass to the induced representation on monomials (and 
then by linearity to holomorphic functions) cu™, m e N. Allowing the formal derivation 
with respect to a (strictly speaking it is an operator) we arrive at a holomorphic realization 
of the quantum Heisenberg algebra generators: 

L{A+) = Csa, 
L{H) = -s. 

If we introduce the following elements of the representation space \s;m> 

L\A)\s\m >= —yme 2 |s;m — 1 >, 

L(A+)|s;m >= Vm + lCs\s;m+ 1 >, 

L{H)\s;m >= —s\s;m > . (36) 

Finally we can redefine elements A,A'^, H in the following way (here we have to assume 
that Cs ^ 0) 

H= -H, 



(35) 
= we get 
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sinh(us) , 

A = -e~\l ^ — -A, 

u 



A+ = J-J'-^I^A+. (37) 

Cs \ OJ 

This transformation does not change the quantum Heisenberg algebra relations (|15|) . More- 
over we get the following expressions for the left representation 



r / / sinhius) . 
L(A)\s] m>= \ m s; m — 1 >, 

UJ 



L(A+) s;m >= \ (m + 1) ^ — -\s;m + l >, 

V w 

L{H)\s;m >= s\s;m >, (38) 

which are exactly the same as those obtained in [H- Let us also mention for completeness 
that the operator which in the case of semisimple algebras plays a role of interwinner takes 
here the form 

R{A)x{r, m, I) = me~ ~ x{r, m — 1,1) — Crx{r, m, I + 1). (39) 

This introduces an unwanted operator S, thus leading us outside the subspace of elements 
defined by the condition / = 0. Finally we observe that the analytic vectors defined as 

sinh(sLo) ^ 

, si .V 

|a>=e2M, (40) 

for each irreducible left regular representation labelled by s, determine eigenfunctions of 
the annihilation operator i.e. 

L(Jl)|q! >= a|a > (41) 

and define a formal deformed canonical unnormalized coherent state for the quantum 
Heisenberg algebra |]T^ , |]T3 . 



4. As mentioned in the introduction proceeding in analogous way as in the case of 
the quantum algebra we can find a representation of the quantum Heisenberg group acting 
on its dual quantum Heisenberg algebra. We obtain the following expressions for the left 
regular representation of Hq{l) , 

L{a)H^{A+)'^A'' = -nif'=e^(A+)""A"-\ 
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L{S)H''(A+)'^A'' = -mH''e^{A+)'^-^A'', 
L{P)H''{A+)'^A'' = -kH''-\A+)'^A'' + ^(^ + ^) fffc(-^+)m^n^ ^42) 
while its right regular representation reads, 

R{5)H''{A+)'^A'' = mH^e-^{A+)'^-^A'', 

^ (43) 

Of course in the limit as uj ^ a, P,S become commuting among themselves. Applying 
the procedure of reducing the L representation by imposing some conditions on R, we can 
arrive at finite dimensional irreducible representations of the Heisenberg group, which we 
recall that as an algebra it is a Lie algebra but has non trivial bialgebra structure. To 
this end we first introduce a more convenient basis in the quantum Heisenberg algebra 
consisting of elements y{k,m,n) = {A'^)'^A'^. In this basis the left and right action 
become correspondingly, 

L{a)y{k, m, n) = —ny{k + l,m,n — 1), 

L{S)y{k, m, n) = —my{k + 1, m — 1, n), 

L{(3)y{k, m, n) = — (m + n — k)y{k, m, n) (44) 

and 

R{a)y{k, m, n) = ny{k — 1, m, n — 1), 

R{S)y{k, m, n) = my{k — 1, m — 1, n), 

R(/3)y(k, m,n) = '^{m + n + k)y{k, m, n) — mny{k — 2, m — 1, n — 1). (45) 

We first impose the condition R[a) = 0, which fixes n = 0. Then we demand that 
all the vectors of the representation space are R{(3) eigenstates to the eigenvalue ^ for 
some integer p. This imposes a constraint on possible values of k and m as k + m = p. 
The action of elements of left representation and of R{5) becomes (we use a notation 
\p;m>= y{p-m,m,0)) 

L{a)\p; m >= 0, 
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L(d)\p; m >= —m\p; m — 1 >, 
L{P)\p;m >= —{2m — p)\p;m > (46) 

and 

i?(5)|p;m>= |p-2;m-l > . (47) 

If we do not impose any restrictions on m it is clear that (^Sp are infinite dimensional 
irreducible representations of the quantum Heisenberg group and representations are la- 
belled by an integer p. Then K{S) can be viewed as an intertwinner as it is a map between 
representations labelled by p and p — 2. We can write it as 

Lp.2{X)Rp{6) = Rp{6)Lp{X), (48) 

where we have added subscripts p and p — 2 to operators L and R {X can be any gen- 
erator of the Heisenberg group) in order to make clear on which representation space do 
they act. Finally we observe that for given p the set of vectors in ker{R{d)^) form an 
invariant subspace under the action of L's and thus provide a M-dimensional irreducible 
representation of the quantum Heisenberg algebra. 

5. In conclusion, we have presented a construction of the Hopf algebra structure of 
the quantum Heisenberg group by a the contraction method; this group is dual as a Hopf 
algebra to the quantum Heisenberg algebra. Also regular representations of the quantum 
Heisenberg group and algebra where obtained together with inter twinners. Reduction 
schemes of regular representations to holomorphic realizations for quantum Heisenberg 
algebra where also provided and the associated quantum analogues of canonical coherent 
states where pointed out. There are a number of interesting topics to pursue further: 
given the R-matrix of the quantum Heisenberg group, a quantum differential calculus can 
be developed and studied; additionally employing the contraction method, the algebraic 
integral calculus available for SUq{2) could be induced into the Heisenberg group and used 
further to establish hermiticity of the regular representations and to develop a notion of 
square integrability in the modules of these representations; to these and related problems 
we aim to return elsewhere. 
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